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Linear Stability and Pressure-Driven Response Function
of Solid Propellants with Phase Transition

F. Cozzi¤ and L. T. DeLuca†

Politecnico di Milano, 20133 Milan, Italy
and

B. V. Novozhilov‡

Russian Academy of Sciences, 117977, Moscow, Russia

An extension of the Zel’dovich–Novozhilov approach to adiabatic burning of solid energetic materials subjected
to a concentrated phase transition is presented. The pressure-driven frequency response function and intrinsic
stability boundary are obtained in the linear approximation of the problem. The intrinsic stability boundary is
portrayed as a parametric representation of oscillatory burning frequency. The corresponding previous results are
recovered as a special case for no phase transition. The surface-temperature sensitivity parameter r is deduced by
assuming the Arrhenius surface pyrolysis law. It is shown that phase transition may strongly affect the frequency
response function, notwithstanding its limited thermal effect, if the operating point moves closer to the stability
boundary. Some typical results are discussed. To validate these theoretical expectations, accurate error estimates
of experimental results are needed.

Nomenclature
A = nondimensional function used in linear frequency

response analysis, Eq. (19)
A1, A2 , A3 = coef� cients used in stability matrix; Sec. III.C
QAs = multiplicative factor of Arrhenius pyrolysis,

(cm/s)/(atm)ns , Eq. (21)
a = � ame modeling (FM) nondimensional stability

parameter, Eq. (8)
B = nondimensional function used in linear frequency

response analysis, Eq. (15)
b = FM nondimensional stability parameter, Eq. (9)
C1 , C2 , = constants used in the unsteady condensed phase

thermal pro� les; Sec. III.B
C3 , C4

c = speci� c heat, cal/g K
QE = activation energy, cal/mol
f = thermal gradient at condensed-phaseside of

burning surface, K/cm
i = imaginary unit
k = Zel’dovich–Novozhilov (ZN) initial-temperature

steady sensitivity parameter, nondimensional,
de� ned in Eq. (3)

k.¢ ¢ ¢/ = thermal conductivity,cal/cm ¢ s ¢ K
`tra = transition position, cm
m = mass burning rate, g/cm2 ¢ s
n = pressure exponent of ballistic steady burning rate,

nondimensional,Eq. (17)
ns = pressure exponent of pyrolysis law,

nondimensional,Eq. (21) (Arrhenius)
nTs = pressure sensitivity of steady surface temperature,

nondimensional,Eq. (20)
p = pressure, atm
pref = reference pressure (68 atm)
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Q = heat release, cal/g (positive if exothermic)
Rp = mass burning rate response to pressure

� uctuations, de� ned in Eq. (85)
< = universal gas constant, 1.987 cal/mol ¢ K
r = ZN initial-temperaturesteady sensitivity

parameter, nondimensional,de� ned in Eq. (4)
rb = burning rate, cm/s
T = temperature, K
T0 = initial propellant temperature, K
t = time coordinate, s
x = space coordinate, cm
Z , Zk , Zr = coef� cients used in Sec. III.C
z1;2 = [1 §

p
.1 C 4iÄ/]=2, complex characteristic roots

of � uctuating thermal pro� le; Eq. (57)
® = thermal diffusivity, cm2/s; condensed-phase

parameter de� ned in Eq. (40)
¯ = condensed-phaseparameter de� ned in Eq. (41)
° = condensed-phaseparameter de� ned in Eq. (42)
1 = condensed-phaseparameter de� ned in Eq. (43)
± = ZN Jacobian, nondimensional,de� ned in Eq. (5)
¹ = ZN pressure sensitivity of steady surface

temperature, nondimensional,de� ned in Eq. (2)
º = ZN pressure sensitivity of steady burning rate,

nondimensional,de� ned in Eq. (1)
½ = density, g/cm3

¾p = [@ Nm=@T0]p D const, temperature sensitivity of
steady burning rate, 1/K

¾Ts = [@ NTs =@T0]p D const, temperature sensitivity of
steady surface temperature, 1/K

Ä = nondimensional circular frequency,! ¢ ®c=Nr 2
b

! = circular frequency, rad/s

Subscripts

bif = bifurcation
c = condensed phase
i = initial
im = imaginary part
p = pressure
real = real part
ref = reference
s = burning surface
tra = transition
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Superscripts

.: : :/ = steady-statevalue

.: : :g/ = dimensional value

. /0 = � uctuating value

. /¤ = complex conjugate value

I. Introduction

T HE current intrinsic stability analyses of solid energetic ma-
terials assume chemical reactions concentrated at the burn-

ing surface (assumed in� nitely thin), and no other chemical ac-
tivity whatsoever in the condensed phase. However, comparison
with experimental results shows discrepancies from the theoret-
ical expectations (e.g., see Ref. 1). Although other factors also
may play a role, as a � rst step to bridge this possible gap an ex-
tension of the theory is presented to include concentrated phase
transitions somewhere in depth in the condensed phase. Moreover,
in several instances, phase transitions—solid to solid or solid to
liquid—areknown to occur in practicalapplications.This may affect
components of energetic materials, for example, ammonium ni-
trate (AN)2;3; ammonium perchlorate(AP),4;5 cyclotetramethylene-
tetranitramine(Ref. 6, p. 142,andRef. 7, p. 203),cyclotrimethylene-
trinitramine (RDX; Ref. 6, p. 142, Ref. 7, p. 203, and Ref. 8);
additives to energetic materials, e.g., KCl and LiF (Ref. 9); or just
the overall mixture making the energetic material, e.g., AN-based
energetic compositions,10 RDX-based composite propellants,11 the
foamzone in double-basepropellants,12 and so on.The modi� cation
of condensed-phasesteady thermal pro� les due to AP phase transi-
tion is clearly shown in Figs. 7–9 of Ref. 13. The extension is con-
ductedwithin theZel’dovich–Novozhilov(ZN) framework,but con-
nections with the corresponding � ame modeling (FM) framework
also are discussed. Both approaches, ZN and FM, share the basic
assumptions of quasi-steady gas-phase, homogeneous condensed-
phase, and one-dimensional (QSHOD) burning-strand framework.
The intrinsic stability boundary of QSHOD burning was found � rst
by Zel’dovich14;15 in his pioneeringwork started in 1942,but assum-
ing variable burning rate with a constant surface temperature. This
assumptionwas relaxedin the successiveinvestigations.Novozhilov
(e.g.; Refs. 16–19) in 1965 � rst obtained the QSHOD ZN stability
boundary and frequency response function including both variable
burning rate and surface temperature.

The correspondingQSHOD FM result for a premixed � ame had
been obtained previously by Denison and Baum20 in 1961. A suc-
cessive investigationconductedby Krier et al.21 (KTSS) at Princeton
University in 1968 extended the FM approach to diffusive � ames.
Systematic investigations were carried out by Culick for a variety
of � ame con� gurations, e.g., Refs. 22–24. All of these investiga-
tionswere conductedfor the linearapproximationof pressure-driven
burning; in general, except the chemical reactions concentrated at
the burning surface, a chemically inert condensedphase was other-
wise assumed.

Few papers allowed for chemical reactions distributed in the
condensed phase: Results were presented in Refs. 22, 25–30 for
pressure-drivenburningexaminedby a variety of techniques.A fur-
ther generalization of the FM approach was carried out in 1995 1)
for the full nonlinear problem with arbitrary � ames but limited to
chemically inert condensed phase, except the chemical reactions
concentrated at the burning surface, and 2) for the linear approx-
imation of the problem but considering also distributed chemical
reactions.31

The objective of this paper is to determine the intrinsic stability
boundaryand frequencyresponsefunction,includingin-depthphase
transition effects, for the linear approximation of pressure-driven
burning, within the ZN framework. Adiabatic burning is assumed.

The problemis formulated in Sec. III. The solutionobtainedwith
phase transition is discussed in Sec. III.C (intrinsic stability) and
Sec. III.D (frequencyresponse function); the standard solutionwith
no phase transition, recalled in Sec. II, is recovered as a particular
case.Typical resultsare illustratedfor the test case shown in Table 1.
Conclusions and future work are discussed in Sec. V.

Table 1 Properties of test-case baseline and modi� cations

Assumed or measured properties
Transition temperature, Ttra D 513 K
Transition heat, Q tra D ¡18:3 cal/g
Initial temperature of sample, T0 D 298 K
Condensed-phase speci� c heat, cc D 0:33 cal/g K
Burning-rate initial-temperature sensitivity, ¾p D 0:003 K¡1

Condensed-phase thermal diffusivity, ®c D 0:0018 cm/s2

Steady burning rate, Nrb D 1:132 ¢ . Np=pref/
0:526 cm/s

Steady burning surface temperature, NTs D 947 ¢ . Np=pref/
0:045 k

Surface Arrhenius activation energy, QEs D 16;000 cal/mol
Pyrolysis law pressure power

(Arrhenius simple), ns D 0
(Arrhenius generalized), ns D 0:526 ¡ 0:045 ¤ .16;000=1:987 ¤ 947/

¤ . Np=pref/
¡0:045

Condensed-phase parameter ° ´ ¯=® D ¡[cc.Ttra ¡ T0/=Q tra ] D 3:877
Operating pressure, p D 10 atm

Modi� ed test-case baseline
Operating pressure, p D 1 or 68 atm
Burning-rate initial-temperature sensitivity, ¾p D 0:002 or 0:004 K¡1

Transition temperature, Ttra D 400 or 600 K
Transition heat, Q tra D ¡80 or C40 cal/g

II. Standard Solution
In the standard ZN formulation proposed by Novozhilov16¡19 in

1965, four nondimensional steady-state parameters are introduced
to describe the dependence of ballistic properties on pressure and
ambient temperature

º ´
µ

@ Nm
@ Np

¶

T0 D const

(1)

¹ ´ 1

. NTs ¡ T0/

µ
@ NTs

@ Np

¶

T0 D const

(2)

k ´ . NTs ¡ T0/

µ
@ Nm
@T0

¶

Np D const

(3)

r ´
µ

@ NTs

@T0

¶

Np D const

(4)

where Nms D ½c Nrb D Nm is the steadysurfacemass burning rate. A pos-
sible correlation among the four sensitivity parameters is revealed
by the pressure Jacobian de� ned as

± ´ @. Nm; NTs/

@. Np; T0/
D ºr ¡ ¹k (5)

Should ± D 0, then one of the four sensitivity parameters can be
evaluated from the remaining three. A � nite value of the Jacobian,
although suspected for different compositions, cannot be shown
experimentally in a convincing way (e.g., see Ref. 18, pp. 21–22,
Ref. 19, pp. 617–618) because of inherent dif� culties in measuring
surface temperatures even under steady conditions.32 At any rate,
for ZN, one � nds in general that

±

r
´ @. Nm; NTs /=@. Np; T0/

[@ NTs=@T0] Np D const

D
µ

@ Nm
@ Np

¶

NTs D const

D º ¡ ¹
k

r
(6)

yieldingdifferent expressionsfor differentpyrolysis laws and burn-
ing regimes.

For the reader’s convenience, the following well-established re-
sults, when chemical reactions are concentrated at the burning sur-
face and no phase transition occurs, are recalled:

1) The (intrinsic) stability condition in the ZN formulation16;18;19

can be written as
8
<

:

k < 1 always stable

k > 1 stable if r >
.k ¡ 1/2

k C 1
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Table 2 Data matrix of baseline and modi� cations

p, Ts , Q tra , Ttra , ¾p , 1 ´ NTs ¡ T0 ® ´ ¯ ´ ° ´ ¡[cc.Ttra A D B D ns D
atm K cal/g K K¡1 ¡ .Q tra=cc/, K ¡.Q tra=cc/=1 .Ttra ¡ T0/=1 ¡ T0/=Q tra] r k k=r 1=k ±=r

1 783.23 ¡18.3 513 0.003 540.68 0.103 0.398 3.877 0.229 1.456 6.358 0.687 0.063
10 868.73 ¡18.3 513 0.003 626.18 0.089 0.343 3.877 0.281 1.712 6.093 0.584 0.109
68 947 ¡18.3 513 0.003 704.45 0.079 0.305 3.877 0.334 1.947 5.829 0.514 0.143
1 783.23 ¡18.3 513 0.002 540.68 0.103 0.398 3.877 0.152 0.971 6.388 1.030 0.063
10 868.73 ¡18.3 513 0.002 626.18 0.089 0.343 3.877 0.188 1.142 6.075 0.876 0.109
68 947 ¡18.3 513 0.002 704.45 0.079 0.305 3.877 0.223 1.298 5.821 0.770 0.143
1 783.23 ¡18.3 513 0.004 540.68 0.103 0.398 3.877 0.305 1.941 6.364 0.515 0.063
10 868.73 ¡18.3 513 0.004 626.18 0.089 0.343 3.877 0.375 2.283 6.088 0.438 0.109
68 947 ¡18.3 513 0.004 704.45 0.079 0.305 3.877 0.446 2.596 5.821 0.385 0.143
1 783.23 ¡18.3 400 0.003 540.68 0.103 0.189 1.839 0.229 1.456 6.358 0.687 0.063
10 868.73 ¡18.3 400 0.003 626.18 0.089 0.163 1.839 0.281 1.712 6.093 0.584 0.109
68 947 ¡18.3 400 0.003 704.45 0.079 0.145 1.839 0.334 1.947 5.829 0.514 0.143
1 783.23 ¡18.3 600 0.003 540.68 0.103 0.559 5.446 0.229 1.456 6.358 0.687 0.063
10 868.73 ¡18.3 600 0.003 626.18 0.089 0.482 5.446 0.281 1.712 6.093 0.584 0.109
68 947 ¡18.3 600 0.003 704.45 0.079 0.429 5.446 0.334 1.947 5.829 0.514 0.143
1 783.23 ¡80 513 0.003 727.65 0.333 0.296 0.887 0.229 1.456 6.358 0.687 0.063
10 868.73 ¡80 513 0.003 813.15 0.298 0.264 0.887 0.281 1.712 6.093 0.584 0.109
68 947 ¡80 513 0.003 891.42 0.272 0.241 0.887 0.334 1.947 5.829 0.514 0.143
1 783.23 C40 513 0.003 364.02 ¡0.333 0.591 ¡1.774 0.152 0.971 6.388 1.030 0.063
10 868.73 C40 513 0.003 449.52 ¡0.270 0.478 ¡1.774 0.188 1.142 6.075 0.876 0.109
68 947 C40 513 0.003 527.79 ¡0.230 0.407 ¡1.774 0.223 1.298 5.821 0.770 0.143

and the equivalent FM formulation33 of the parabolic boundary is

a D
b.b ¡ 1/

2
(7)

being31

a D k=r (8)

b D 1 C k=r ¡ 1=r (9)

2) The natural oscillatory frequency just at the stabilityboundary
in the ZN formulation16;18;19 can be written as

Äbif D
p

k

r
D

p
k

.k C 1/

.k ¡ 1/2
(10)

and the equivalent FM formulation33 is

Äbif D [.b ¡ 1/=2]
p

b.b ¡ 2/ (11)

requiring b > 2 for real Ä.
3) The adiabatic pressure-driven frequency response function in

the ZN formulation17¡19 can be written as

Rp.Ä/ D º C ±.z1 ¡ 1/

r.z1 ¡ 1/ C k[.1=z1/ ¡ 1] C 1
(12)

and the equivalent Arrhenius FM formulation23 is

Rp.Ä/ D
n C .ns =AB/.z1 ¡ 1/

.1=AB/.z1 ¡ 1/ C .1=B/[.1=z1/ ¡ 1] C 1
(13)

where34

A ´ k=r; B ´ 1=k; n ´ º; ns ´ ±=r (14)

In both versions, the static limit Rp .Ä ! 0/ D n (FM) or º (ZN)
is de� ned by the experimental steady-burning-ratelaw.

4) The ZN parameters can be converted into FM parameters by
putting

k D ¾p. NTs ¡ T0/ D 1
B

D
a

1 C a ¡ b
(15)

r D ¾Ts
NTs D

1
AB

D
1

1 C a ¡ b
(16)

º D n (17)

¹ D nTs

NTs

NTs ¡ T0

(18)

Thus32

k

r
D

¾p

¾Ts

NTs ¡ T0

NTs

D A D a (19)

and the ballistic Jacobian can be written as

±=r D n ¡ nTs ¢ ¾p=¾Ts (20)

If one assumes a general form of the Arrhenius pyrolysis law
(e.g., see Refs. 22–24, 35–38)

rb D QAs pns exp.¡ QEs=<Ts / (21)

then one can model the surface temperature sensitivityparameter r
as

r D ¾p

¡
< NT 2

s

¯ QEs

¢
(22)

and ±=r D ns (for discrete pyrolysis functions, see Ref. 32; see also
the Appendix,ofRef. 39).Note that if one assumesa simple (ns D 0)
Arrhenius pyrolysis law

rb D QAs exp.¡ QEs =<Ts/ (23)

then the sensitivity parameter r is not modi� ed [see Eq. (22)] but
necessarily ±=r D ns D 0.

Under all circumstances, the accurate knowledge of ¾p is im-
portant but still a challenge; data collections can be found in Refs.
40–42.

III. Formulation of the Phase Transition Problem
The physical problem is sketched in Fig. 1. A one-dimensional

strand of homogeneous material is assumed to be burning with a
quasi-steady gas phase subjected to pressure changes in time only.
Thermophysicalproperties are assumed to be, at most, pressure de-
pendent. The strand is burning in a vessel at uniform pressure and
is subjected to no radiation, no velocity coupling, and no exter-
nal forces. Assume no condensed-phase chemical activity, except
the chemical reactions concentrated at the burning surface and at
the phase transition plane located somewhere in depth. De� ne a
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Fig. 1 Schematic of the physical problem.

Cartesian axis with its origin anchored at the burning surface and
positive in the gas-phase direction. The phase transition, be it solid
to solid or solid to liquid, is assumed to be concentratedat the posi-
tion x D ¡`tra.t/, where the transition temperature Ttra is observed.
In general, the phase transition will take place with a (net) heat re-
lease Q tra (positive if exothermic). Both parameters Ttra and Q tra

are considered to be known and � xed quantities. For the sake of
simplicity, thermophysicalproperties are assumed to be unaffected
by the phase transition.

Let the condensedphase (x < 0) be a semi-in� nite slab of uniform
and isotropic composition, and T0 its initial temperature. Only the
particularcaseof pressure-drivenburningis considered.Under these
circumstances, the energy conservationequation is simply

@T

@t
C rb

@T

@x
D ®c

@2T

@x2
(24)

The boundary conditions can be written over the thickness
¡1 < x < ¡`tra as

T .x ! ¡1; t/ D T0 (25)

T .x ! ¡`tra ; t/ D Ttra (26)

and over the thickness ¡`tra < x < 0 as

T .x ! ¡`tra ; t/ D Ttra (27)

T .x D 0; t/ D Ts (28)

At the position x D ¡`tra.t/, energy conservationrequiresmatching
of the two thermal pro� les

kc

­­­­
@T

@x

­­­­
¡`

¡
tra

D kc

­­­­
@T

@x

­­­­
¡`

C
tra

C ½c

³
rb C d`tra

dt

´
Q tra (29)

If pressure and initial temperature are taken as independentvari-
ables, then, under steady state,

Nrb D Nrb. Np; T0/ (30)

NTs D NTs. Np; T0/ (31)

Likewise, under steady state, the thermal gradient at the condensed-
phase side of the burning surface is

Nf ´
µ

d NT
dx

¶

x D 0¡
D

Nrb

®c

³
NTs ¡ T0 ¡

Q tra

cc

´
(32)

taking explicitly into account the heat release associatedwith phase
transition.Under both steadyand nonsteadyoperations,introducing
pressure and thermal gradient as independent variables, one can
write

rb D rb. p; f / (33)

Ts D Ts. p; f / (34)

A. Steady-State Solution

For the steady-statepart of the problem, one � nds for the thermal
pro� le

1) ¡1 < x < ¡ Ǹ
tra

NT .x/ D T0 C .Ttra ¡ T0/ exp[Nrb=®c.x C Ǹ
tra/] (35)

2) ¡ Ǹ
tra < x < 0

NT .x/ D
Ttra ¡ NTs exp.¡Nrb=®c

Ǹ
tra/ C . NTs ¡ Ttra/ exp.Nrb=®c x/

1 ¡ exp.¡Nrb=®c
Ǹ
tra/ (36)

Matching at the transition location yields
3) x D ¡ Ǹ

tra

kc

µ
d NT
dx

¶

¡ Ǹ¡
tra

D kc

µ
d NT
dx

¶

¡ ǸC
tra

C ½c Nrb Q tra (37)

which, by replacing the proper thermal gradients, in turn gives

Nrb

®c
.Ttra ¡T0/ D

Nrb

®c

NTs ¡ Ttra

1 ¡ exp.¡Nrb=®c
Ǹ
tra/

exp.¡Nrb=®c
Ǹ
tra/C

Nrb

®c

Q tra

cc

(38)

Thus, the transition location inside the condensed phase is de� ned
by

Ǹ
tra D ®c

Nrb

NTs ¡ T0 ¡ Q tra=cc

Ttra ¡ T0 ¡ Q tra=cc
D ®c

Nrb

³
1

® C ¯

´
(39)

where (cf. the correspondingde� nitions in Ref. 29)

® ´ ¡
Q tra=cc

NTs ¡ T0 ¡ Q tra=cc

D ¡
Q tra=cc

1
(40)

¯ ´
Ttra ¡ T0

NTs ¡ T0 ¡ Q tra=cc

D
Ttra ¡ T0

1
(41)

° ´
¯

®
D ¡

cc.Ttra ¡ T0/

Q tra
(42)

1 ´ NTs ¡ T0 ¡
Q tra

cc
(43)

For the selected test case (see Table 1), the pressure depen-
dence of the relevant thermophysical parameters is illustrated in
Fig. 2. Parameter 1 ´ NTs ¡ T0 ¡ Q tra=cc shows a fair increase with
pressure due to increasing surface temperature; both parameters
® ´ ¡.Q tra=cc/=1 and ¯ ´ .Ttra ¡ T0/=1 show a slight decrease
for increasing pressure, again due to increasing surface tempera-
ture. For the assumptions made, pressure effects cannot exist for
° ´ ¯=® D ¡cc.Ttra ¡ T0/=Q tra. Typical trends of the nondimen-
sional transition depth Ǹ

tra Nrb=®c are illustrated in Fig. 3: Ǹ
tra Nrb=®c

Fig. 2 Dependence of thermophysical parameters ®; ¯, and D on
pressure in the test case for the indicated set of operating parameters.
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Fig. 3 Dependence of nondimensional transition depth on operating
conditions in the test case for the indicated set of operating parameters.

is seen to increasewith increasing Q tra, increasingpressure, and de-
creasing Ttra. Notice that a limiting value of Q tra · cc.Ttra ¡ T0/ ex-
ists for which the denominator of the logarithmic factor in Eq. (39)
vanishes. This bound concerns only exothermic processes and is
more severe for smaller Ttra, as manifest in Fig. 3.

B. Unsteady Solution

To solve the nonsteady part of the problem, � rst the linear ap-
proximation of the problem is considered19:

rb.t/ D Nrb C r 0
b exp.i!t/ r 0

b ¿ Nrb (44)

Ts.t/ D NTs C T 0
s exp.i!t/ T 0

s ¿ NTs (45)

p.t/ D Np C p0 exp.i!t/ p0 ¿ Np (46)

f .t/ D Nf C f 0 exp.i!t/ f 0 ¿ Nf (47)

`tra.t/ D Ǹ
tra C `0

tra exp.i!t/ `0
tra ¿ Ǹ

tra (48)

T .x; t/ D NT .x/ C T 0.x/ exp.i!t/ T 0.x/ ¿ NT .x/ (49)

Then, one � nds for the thermal pro� le:
1) ¡1 < x < ¡`tra

@

@t
[T 0.x/ exp.i!t/] C [Nrb C r 0

b exp.i!t/]
@

@x
[ NT .x/

C T 0.x/ exp.i!t/] (50)

D ®c
@2

@x2
[ NT .x/ C T 0.x/ exp.i!t/] (51)

By variable separation, one gets the steady portion whose solution
is again Eq. (35) and the unsteady portion

i!T 0.x/ C Nrb
@

@x
T 0.x/ ¡ ®c

@2

@x2
T 0.x/ D ¡r 0

b

@

@x
NT .x/ (52)

whose general solution is

T 0.¡1 < x < ¡`tra/ D C3 exp

³
Nrb

®c
z1x

´

C C4 exp

³
Nrb

®c
z2x

´
¡

Nrb

®c

r 0
b

i!

Ttra ¡ T0

® C ¯
exp

³
Nrb

®c
x

´
(53)

2) ¡`tra < x < 0

@

@t
[T 0.x/ exp.i!t/] C [Nrb C r 0

b exp.i!t/]
@

@x
[ NT .x/

C T 0.x/ exp.i!t/] D ®c
@2

@x2
[ NT .x/ C T 0.x/ exp.i!t/] (54)

By variable separation, one gets the steady portion whose solution
is again Eq. (36) and the unsteady portion

i!T 0.x/ C Nrb
@

@ x
T 0.x/ ¡ ®c

@ 2

@x2
T 0.x/ D ¡r 0

b

@

@x
NT .x/ (55)

whose general solution is

T 0.¡`tra < x < 0/ D C1 exp[.Nrb=®c/z1x] C C2 exp[.Nrb=®c/z2x]

¡ .Nrb=®c/.r
0
b=i!/1 exp[.Nrb=®c/x] (56)

where

z1;2 ´
1 §

q
1 C 4i!®c

¯
Nr 2
b

2
(57)

The constantsC1, C2 , C3, and C4 are to be evaluatedby satisfying
the following constraints:

T 0.x ! ¡1/ D 0 (58)

¡
µ

@ NT .x/

@x

¶

x D ¡ Ǹ¡
tra

`0
tra C T 0

¡
x D ¡ Ǹ¡

tra

¢
D 0 (59)

¡
µ

@ NT .x/

@x

¶

x D ¡ ǸC
tra

`0
tra C T 0

¡
x D ¡ ǸC

tra

¢
D 0 (60)

T 0.x D 0/ D T 0
s (61)

In addition, energy conservation is required both at the position
x D ¡`tra.t/, yielding matching of the � uctuating portions of the
thermal pro� le
µ

¡ @2 NT
@x2

`0
tra C @T 0

@x

¶

x D ¡ Ǹ¡
tra

D
µ

¡ @2 NT
@x2

`0
tra C @T 0

@x

¶

x D ¡ ǸC
tra

¡
Q tra

cc

r 0
b C i!`0

tra

Nrb

Nrb

®c

and at the burning surface yielding the � uctuating portion of the
thermal gradient

µ
@T 0

@x

¶

x D 0¡
D f 0

By replacing the appropriate thermal pro� les, one obtains

T 0.x ! ¡1/ D 0 (62)

C3 exp[¡.Nrb=®c/z1
Ǹ
tra] ¡ .Nrb=®c/.r

0
b=i!/.Ttra ¡ T0/

D .Nrb=®c/.Ttra ¡ T0/`0
tra (63)

C1 exp[¡.Nrb=®c/z1
Ǹ
tra] C C2 exp[¡. Nrb=®c/z2

Ǹ
tra]

¡ .Nrb=®c/.r
0
b=i!/1 exp[¡.Nrb=®c/ Ǹ

tra]

D .Nrb=®c/[Ttra ¡ T0 ¡ .Q tra=cc/]`
0
tra (64)

T 0.x D 0/ D C1 C C2 ¡ .Nrb=®c/.r
0
b=i!/1 D T 0

s (65)

z1C1 exp

³
¡

Nrb

®c
z1

Ǹ
tra

´
C z2C2 exp

³
¡

Nrb

®c
z2

Ǹ
tra

´

¡ z1C3 exp

³
¡

Nrb

®c
z1

Ǹ
tra

´
¡

Nrb

®c

r 0
b

i!
1 exp

³
¡

Nrb

®c

Ǹ
tra

´

C
Nrb

®c

r 0
b

i!
.Ttra ¡ T0/ D

Nrb

®c

Q tra

cc
`0

tra ¡
Nrb

®c

Q tra

cc

r 0
b C i!`0

tra

Nrb
(66)
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µ
@T 0.x/

@ x

¶

0¡

D
Nrb

®c
z1C1 C

Nrb

®c
z2C2 ¡

³
Nrb

®c

´2
r 0

b

i!
1 D f 0 (67)

By enforcing the boundary condition of Eq. (62), one � nds that
C4 D 0, whereas Eq. (64) gives `0

tra D `0
tra.C1; C2/ and Eq. (63) gives

C3 D C3.`
0
tra/ D C3.C1; C2/. By replacing`0

tra and C3 in Eq. (66) and
taking into account Eq. (65), one can evaluateC1; C2 . At this point,
Eq. (67) is fully determined, which connects the three � uctuating
values of burning rate, surface temperature, and thermal gradient.
This equation is used to de� ne the intrinsic stability boundary, as
discussed next.

C. Intrinsic Stability

The conditionof solvabilityof the homogeneoussystem compris-
ing the 1) energy boundaryconditionat the condensed-phaseside of
the burning surface, 2) � uctuating burning-rate dependence on the
� uctuating thermal gradient, and 3) � uctuating surface temperature
on the � uctuating thermal gradient (see Ref. 18, p. 82) is

­­­­­­­­­

A1 A2 A3

1 0 ¡
k=.1 ¡ ®/

k=.1 ¡ ®/ C r ¡ 1

0 1 ¡
r

k=.1 ¡ ®/ C r ¡ 1

­­­­­­­­­

D 0

where

A1 D .® C ¯/1 ¡ z1

z1

C .z1 ¡ 1/.® C ¯/z1

.z1 C 2° /z1 ¡ °
(68)

A2 D z1.® C ¯/1 ¡ z1 C .® C ¯/z1 .z1 ¡ 1/3

.z1 C 2° /z1 ¡ °
(69)

A3 D ¡.® C ¯/1 ¡ z1 C .® C ¯/z1 .z1 ¡ 1/2

.z1 C 2° /z1 ¡ °
(70)

This condition leads to a complex equation describing the linear
stability boundary and associated oscillatory burning frequency, at
constant pressure, of the stated problem

r Zr C k[Zk=.1 ¡ ®/] C Z D 0 (71)

Here r and k are real while Zr , Zk , Z are coef� cients dependingon
the nondimensional frequency Ä and thermophysical properties of
the energetic material (®, ¯, ° )

Zr D z1 ¡ 1 C z1
.z1 ¡ 1/2.® C ¯/2z1 ¡ 1

z2
1 C ° .2z1 ¡ 1/

(72)

Zk D
1
z1

¡ 1 C z1
.z1 ¡ 1/.® C ¯/2z1 ¡ 1

z2
1 C ° .2z1 ¡ 1/

(73)

Z D 1 ¡ .z1 ¡ 1/2.® C ¯/2z1 ¡ 1

z2
1 C ° .2z1 ¡ 1/

(74)

Notice that the former (with no transition) ¹ and k parameters
now are de� ned more generally as

¹0 ´ 1

. NTs ¡ T0 ¡ Q tra=cc/

µ
@ NTs

@ Np

¶

T0 D const

(75)

k 0 ´ . NTs ¡ T0 ¡ Q tra=cc/

µ
@ Nm
@T0

¶

Np D const

(76)

but the pressure Jacobian [see Eq. (5)] is not affected; for Q tra ! 0;
i.e., phase transition with no heat release, the former de� nitions are
recovered. Notice also that for Q tra ! 0, i.e., ® ! 0, one � nds

Zr ! z1 ¡ 1 (77)

Zk ! .1=z1/ ¡ 1 (78)

Z ! 1 (79)

thus recovering the previous result (see Ref. 19, p. 619)

r.z1 ¡ 1/ C k[.1=z1/ ¡ 1] C 1 D 0 (80)

In turn, this leads to the explicit solution (cf. Sec. II)

r D .k ¡ 1/2

k C 1
with k > 1 (81)

Äbif D
p

k
.k C 1/

.k ¡ 1/2
(82)

Unfortunately, in this instance, an explicit solution of Eq. (71)
is no longer possible, but a parametric representation in the nondi-
mensional frequency Ä can be implemented. Multiplying Eq. (71)
separately by Z ¤

k and Z¤
r , the following complex relationships are

obtained:

r Zr Z¤
k C [k=.1 ¡ ®/]Z k Z ¤

k C Z Z¤
k D 0

r Zr Z¤
r C [k=.1 ¡ ®/]Z k Z ¤

r C Z Z¤
r D 0 (83)

Imaginary parts of Eqs. (83) give

r D
Im

¡
¡Z ¢ Z ¤

k

¢

Im
¡
Zr ¢ Z¤

k

¢ ; k D .1 ¡ ®/
Im

¡
¡Z ¢ Z¤

r

¢

Im
¡
Zk ¢ Z¤

r

¢ (84)

Thus,Eqs. (84)areparametricrepresentationsof the stabilitybound-
ary in the parameter Ä. The values k and r given by Eqs. (84), for
Ä spanning from 0 to in� nity, describe a line that is just the wanted
stabilityboundary in the k; r plane. Notice that parameter k without
transition is replaced by k=.1 ¡ ®/ when transition occurs.

Representative applications are discussed in Sec. IV.A.

D. Linear Frequency Response Function

The linear frequency response function is de� ned as

Rp.Ä/ ´ .m 0= Nm/=.p0= Np/ (85)

and, for adiabatic burning, is found to be

Rp.Ä/ D ºZ C ±Zr

r Zr C k[Z k=.1 ¡ ®/] C Z
(86)

Notice that, for ® ! 0; i.e., phase transition with no heat release,

Zr ! z1 ¡ 1 (87)

Zk ! .1=z1/ ¡ 1 (88)

Z ! 1 (89)

thus recovering the previous ZN result (cf. Sec. II)

Rp.Ä/ D º C ±.z1 ¡ 1/

r.z1 ¡ 1/ C k[.1=z1/ ¡ 1] C 1
(90)

Notice that the denominator of Eq. (86) coincides with Eq. (71);
as already noticed by Culick,23 this boundary corresponds to the
condition of unbounded response of the burning propellant even
for vanishing � uctuations of the forcing term; i.e., it is the intrinsic
stability boundary.

Representative applications are discussed in Sec. IV.B.

IV. Representative Results
For the sake of completeness, the pressure dependence of the

sensitivity parameters k and r is illustrated in Fig. 4: In both cases,
the increase with pressure is due to increasing surface temperature
while ¾p is kept constant.A more realistic¾p , decreasingwith pres-
sure (see Fig. 5), contrasts this trend by opposing the increase of
surface temperature and thus favoring stability (see discussion in
Sec. IV.A). Unfortunately, an exact de� nition of the ¾p value re-
quires an accuracy of ballistic property measurements that cannot
be obtained at this time.
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Fig. 4 Dependence of ZN parameters k and r on operating pressure
for constant ¾p .

Fig. 5 Dependence of ZN parameters k and r on operating pressure
for ¾p decreasing in pressure.

Fig. 6 QSHOD intrinsic stability map for pressure-driven burning,
showing the selected test case and several modi� cations.

A. Intrinsic Stability

The intrinsic linear stability boundary is affected by the phase
transition inclusion, as shown in Figs. 6–10. For the enforced set of
operatingconditions(a typical endothermic transition), the stability
region for a given set of k; r parameters apparently is decreased
with respect to the no-transition boundary, with little sensitivity
to pressure and more sensitivity to ° ´ ¯=® D ¡cc.Ttra ¡ T0/=Q tra.
However, this observation might be misleading if one neglects to
reexamine simultaneouslythe possible change of the corresponding
operating point on the stability plot.

Several cases are illustrated in Fig. 6. For the selected test case
(see Table 1), the corresponding operating point (¾p D 0.003 K¡1

at 10 atm) accidentally falls very close to the new stability bound-
ary (cf. frequency response functions as portrayed in Figs. 11–18).

Fig. 7 QSHOD intrinsic stability map for pressure-driven burning,
showing dependence of stability boundaryon the transition heat release
(Qtra parametrically varying from ¡ 80 to ¡ 18:3 to +40 cal/g) for the
indicated set of operating parameters.

Fig. 8 QSHOD intrinsic stability map for pressure-driven burning,
showingdependence of stabilityboundaryonthe transitiontemperature
(Ttra parametrically varying from 400 to 600 K) for the indicated set of
operating parameters.

Fig. 9 QSHOD intrinsic stability map for pressure-driven burning,
showing loss of stability of the operating point, ranging from 1 to
100 atm, when pressure and/or ¾p are parametrically increased for the
indicated set of operating parameters.

Changing either pressure or ¾p (see Table 2) strongly affects the
stability features. An increase of pressure (from 10 to 68 atm) at
constant ¾p or an increase of ¾p (from 0.003 to 0.004 K¡1/ at con-
stant pressure is destabilizing; vice versa, a decrease of pressure
(from 10 to 1 atm) at constant ¾p or a decrease of ¾p (from 0.003
to 0.002 K¡1) at constant pressure is stabilizing. By parametrically
varying the phase transition heat release (see Fig. 7), the stability
region apparently is decreased for endothermic (likely) transition
but increased for exothermic (unlikely) transition with respect to
the no-transitionboundary; these effects are more evident for larger
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Fig. 10 QSHOD intrinsic stability map for pressure-driven burning,
showing gain of stability of the operating point for ¾p decreasing in
pressure for the indicated set of operating parameters.

Fig. 11 Frequency response (real part) for pressure-driven burning,
showing the effect of phase transition for the test case.

Fig. 12 Frequency response (imaginary part) for pressure-driven
burning, showing the effect of phase transition for the test case.

values of Q tra, but, anyway, exothermicity is upper bounded (see
Sec. III.A). By parametrically varying the phase transition temper-
ature (see Fig. 8), the main effect seems again to be an apparent
shrinking of the stability region; the effect is stronger for decreas-
ing Ttra but overall less pronounced than for Q tra. The effect of ¾p

assumed to be constant is shown parametrically in Fig. 9 as loss of
stability for increasing ¾p , while the operating point ranges from
1 to 100 atm. A more complex behavior is shown in Fig. 10 for
¾p assumed to be decreasing in pressure according to the laws im-
plemented in Fig. 5: For increasing pressure, a linearly decreasing
¾p yields instability and then stability; a faster ¾p decrease yields
stability.

Fig. 13 Frequency response (real part) for pressure-driven burning
showing the effect of a ¾p decrease from 0.003 to 0.002 K ¡ 1 for p =
10 atm, Ttra = 513 K, and Qtra = ¡ 18:3 cal/g.

Fig. 14 Frequency response (imaginary part) for pressure-driven
burning, showing the effect of a ¾p decrease from 0.003 to 0.002 K ¡ 1

for p = 10 atm, Ttra = 513 K, and Qtra = ¡ 18:3 cal/g.

Fig. 15 Frequency response (real part) for pressure-driven burning,
showing the effect of the transition heat release (Qtra parametrically
varying from ¡ 80 to ¡ 18:3 to +40 cal/g) for ¾p = 0.002 K ¡ 1 , p = 10 atm,
and Ttra = 513 K.

B. Linear Frequency Response Function

Typical trends for the test case and selected modi� cations (see
Table 2) are illustratedin Figs. 11–18. A direct comparisonbetween
frequency response functions computed for the test case with or
withoutphasetransition,for theparticularoperatingpointselectedin
Fig. 8, is shown in Figs. 11 and 12 (respectively,real and imaginary
parts). Taking into account phase transition brings about a much
stronger peak response, although the peak frequency is affected
only slightly; this is a consequence of the selected operating point
falling almost on the stability boundary (cf. Fig. 6). As a matter of
fact, for the selected test case, a decrease of ¾p (from 0.003 to 0.002
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Fig. 16 Frequency response (imaginary part) for pressure-driven
burning, showing the effect of the transition heat release (Qtra para-
metrically varying from ¡ 80 to ¡ 18:3 to +40 cal/g) for ¾p = 0.002 K¡ 1,
p = 10 atm, and Ttra = 513 K.

Fig. 17 Frequency response (real part) for pressure-driven burning,
showing the effect of the transition temperature (Ttra parametrically
varying from 400 to 600 K) for ¾p = 0.002 K ¡ 1 , p = 10 atm, and Qtra =
¡ 18:3 cal/g.

Fig. 18 Frequency response (imaginary part) for pressure-driven
burning, showing the effect of the transition temperature (Ttra para-
metrically varying from 400 to 600 K) for ¾p = 0.002 K ¡ 1, p = 10 atm,
and Qtra = ¡ 18:3 cal/g.

K¡1) implies a strong reduction of the response, as clearly shown
in Figs. 13 and 14. The effect of Q tra is illustrated in Figs. 15 and
16 for ¾p D 0:002 K¡1: For this case, increasingor decreasing Q tra

yields a much weaker peak response. The effect of Ttra is illustrated
in Figs. 17 and 18 for ¾p D 0:002 K¡1: For this case, increasing or
decreasing Ttra yields a less pronounced peak response.

The fact that the heat release associated with the phase transition
for the test case is a small fraction of the overall condensed-phase
heat sink (® ¿ 1/ should not be misunderstood. The unifying in-
terpretation is that phase transition, as any other effect, affects the

response function more when the operating point is closer to the
intrinsic stability boundary. Parameters favoring the displacement
of the operating point far away from the stability boundary (low
¾p; low pressures, etc.) will manifest few consequenceson the fre-
quency response function, and vice versa.

V. Conclusions
Frequency responsefunctionsand the intrinsic stabilityboundary

were obtained for a concentratedphase transition in the condensed
phase with constant thermophysical properties. Both endothermic
and exothermicphasetransitionsare allowed.The resultsof the clas-
sicalno-transitioncon� gurationare recoveredas a limitingcase.The
destabilizingeffects of large ¾p , or ¾p not decreasingwith pressure,
are manifest. Thus, the importance of accurate experimental deter-
mination of the sensitivity parameters, especially ¾p , is stressed.

An extension including the simultaneouschange of thermophys-
ical properties is in progress.
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